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Abstract In this paper we study the relation between long cycles and Bose-Condensation
in the Infinite range Bose-Hubbard Model with a hard core interaction. We calculate the
density of particles on long cycles in the thermodynamic limit and find that the existence of
a non-zero long cycle density coincides with the occurrence of Bose-Einstein condensation
but this density is not equal to that of the Bose condensate.
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1 Introduction

In 1953, Feynman analysed the partition function of an interacting Bose gas in terms of
the statistical distribution of permutation cycles of particles and emphasized the roles of
long cycles at the transition point [6, 7]. Then Penrose and Onsager, pursuing Feynman’s
arguments, observed that there should be Bose condensation when the fraction of the total
particle number belonging to long cycles is strictly positive [12]. These ideas are now com-
monly accepted and also discussed in various contexts in systems showing analogous phase
transitions such as percolation, gelation and polymerization (see e.g. [4, 14, 15]), though it
has been recently argued by Ueltschi [20] that in fact the hypothesis is not always valid. To
our knowledge, there had not appeared a precise mathematical and quantitative formulation
of the relation between Bose condensate and long cycles until the work of Siito [16, 17]
and its validity has been checked only in a few models: the free and mean field Bose gas in
[16, 17], (see also Ueltschi [19]) and the perturbed mean field model of a Bose gas studied
in [5]. In these models it is shown that the density of particles in long cycles is equal to the
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Bose condensate density. The purpose of this paper is test the validity of the hypothesis in
yet another model of a Bose gas, the Infinite range Bose-Hubbard Model with a hard core.
Here we calculate the density of particles on long cycles in the thermodynamic limit and find
that though the existence of a non-zero long cycle density coincides with the occurrence of
Bose-Einstein condensation, this density is not equal to the Bose condensate density.

The main simplifying feature in this model is the following. In general the density of
particles on cycles of length g for n particles can be expressed (apart from normaliza-
tion) as the trace (see for example Proposition 3.1) of the exponential of the Hamiltonian
for n — g bosons and ¢ distinguishable particles (no statistics). In terms of the random
walk representation (cf. [18]), the particles in this model are allowed to hop from one site
to another with equal probability. We can prove (Proposition 3.2) that in the thermody-
namic limit we can neglect the hopping of the g particles so that bosons have to avoid
each other and the fixed positions of the distinguishable particles. This is equivalent to a
reduction of the lattice by ¢ sites. Moreover the ¢ particles are on a cycle of length ¢.
For g > 1, this means for example, that the position of the second particle at the begin-
ning of its path is same as the position of the first particle at the end of its path. But
since they do not hop this is impossible by the hard core condition and therefore among
the short cycles only the cycle of unit length contributes. Since the sum of all the cycle
densities gives the particle density, this means that in the thermodynamic limit the sum
of the long cycle densities is the particle density less the one-cycle contribution. The one-
cycle density, apart from some scaling and the normalization, is then the partition func-
tion for the boson system with one site removed from the lattice, which can be calcu-
lated.

The model without a hard-core will be treated in another paper. There we can again
neglect the hopping of the ¢ distinguishable particles. However in that case cycles of all
lengths contribute to the long-cycle density. It is relatively easy to see that when there is no
condensation the long-cycle density vanishes but we do not yet know what happens when
there is Bose-Einstein condensation.

In Sect. 2 we first describe the model and recall its thermodynamic properties as stated
by Penrose [13] (see also Téth [18] and Kirson [9]). We then apply the general framework
for cycle statistics described in [5], following [11]. Using standard properties of the decom-
position of permutations into cycles, the canonical sum is converted into a sum on cycle
lengths. This makes it possible to decompose the total density p = Osnort + Plong intO the
number density of particles belonging to cycles of finite length (poshor¢) and to infinitely long
cycles (piong) in the thermodynamic limit. It is conjectured that when there is Bose conden-
sation, pjong is different from zero and identical to the condensate density. The main purpose
of the paper is to check the validity of this conjecture in our model. At the end of Sect. 2 we
state in the main theorem describing the relation between Bose-Einstein condensation and
the density of long cycles for our model.

In Sect. 3 we prove the main theorem and in Sect. 4 we discuss briefly Off-diagonal
Long-Range Order.

2 The Model and Results
The Bose-Hubbard Hamiltonian is given by

H™M=J Y (& —a)a, —a)+r )Y nn,—1) 2.1)

x,yeAy:lx—y|=1 xeAy
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Fig. 1 Definition of pg 20) A

where Ay is a lattice of V sites, a} and a, are the Bose creation and annihilation operators
satisfying the usual commutation relations [a}, a,] = 8. , and n, = aja, . The first term with
J > 0 is the kinetic energy operator and the second term with A > O describes a repulsive
interaction, as it discourages the presence of more than one particle at each site. This model
was originally introduced by Fisher et al. [8].

The infinite-range hopping model is given by the Hamiltonian

1
R v > (@ —a)a,—a)+r Y nng—1). (2.2)

x,yeAy xeAy

This is in fact a mean-field version of (2.1) but in terms of the kinetic energy rather than the
interaction. In particular as in all mean-field models, the lattice structure is irrelevant and
there is no dependence on dimensionality, so we can take Ay = {1,2, 3, ..., V}. The non-
zero temperature properties of this model have been studied by Bru and Dorlas [3] and by
Adams and Dorlas [1]. We shall study a special case of (2.2), introduced by T6th [18] where
A = +00, that is complete single-site exclusion (hard-core). The properties of this model
in the canonical ensemble were first obtained by Téth using probabilistic methods. Later
Penrose [13] and Kirson [9] obtained equivalent results. In the grand-canonical ensemble
the model is equivalent to the strong-coupling BCS model (see for example Angelescu [2]).
Here we recall the thermodynamic properties of the model in the canonical ensemble as
given by Penrose.
For p € (0, 1), let

1 L—p\ .
In[ —LZ ) ifp#£1/2,
gp)=11-2p P

2 if p=1/2.

For each B > 2 the equation 8 = g(p) has a unique solution in (0, 1/2] denoted by pg (see
Fig. 1). We define pg :=1/2 for B < 2.
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Theorem 2.1 (Penrose [13, Theorem 1]) The free energy per site at inverse temperature
as a function of the particle density p € [0, 1], fg(p), is given by

p+5(plnp+(1—p)n(l—p)) if p € [0, pg] U [1— pg, 11,

feL)=1 , . )
o+ pg(1=pp) + 5 (ppInpg + (1= pp) In(1—pp)) if p € [pp, 1 = pg].

The density of particles in the ground state in the thermodynamic limit is given by

1 .
ph=lim s D (aa,) @3
n/V=p x,yeEAy

where (-) denotes the canonical expectation for n particles. Penrose showed that for certain
values of p and 8, Bose-Einstein condensation occurs, that is, ,og > 0. The Bose-condensate
density is given in the following theorem.

Theorem 2.2 (Penrose [13, Theorem 2]) The Bose-condensate density, ,og at inverse tem-
perature B as a function of the particle density p € [0, 1], is given by
L if p €10, pg]U[1 — pg, 1],
Pp = .
(0 —pp)(L—p—pp) ifpelpg, 1— pgl

We note that both f(p) — p and the condensate density pg are symmetric about p = 1/2.
This can easily seen by interchanging particles and holes. The Boson states being symmetric
can be labelled unambiguously by the sites they occupy but equivalently they can be labelled
by the sites they do not occupy (holes).

Before proceeding to the study of cycle statistics we need to define the n-particle Hamil-

tonian more carefully. The single particle Hilbert space is Hy := C" and on it we define the
operator

Hy=1—-Py
where Py is the orthogonal projection onto the unit vector
1
gv=ﬁ(1, 1,...,1) e Hy.

In terms of the usual basis vectors of Hy, {e;|i =1...V}, Py is given by

1 1
Pve,’ = Vzlej.
Jj=

Thus Hy is the orthogonal projection onto the subspace orthogonal to gy . For an operator
A onHy, we define A on H =Hy @ Hy ® --- @ Hy by

n times
AV =AQI® - ®I+IQAQ QI+ +I®I® - Q A.

With this notation we can define the non-interacting n-particle Hamiltonian H‘(/") acting on
the unsymmetrised Hilbert space H(‘f’) as:

HY =1 — Py
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=n-PyQI® - RI-IQP/RIQ - ®I——IQIR® - ® Py.

For bosons we have to consider the symmetric subspace of Hf}’). The symmetrisation pro-
jection o on M\ is defined by

1
== Z U, (2.4)
n TES,

where U, H(") — H(") is the unitary representation of the permutation group S, on Hgf)
defined by

Ur(1®RPr @ QRP) =01 @Pr2) Q- Q@ Pr(ny, ¢ €Hy, j=1,....,n; meS,.

Then the symmetric n-particle subspace is H", := o/ M}’ .
When H‘(, " is restricted to H(‘f’) +» We obtain
Z (@} —a))(a, —a,).
X, yEAY

We introduce the hard-core interaction by applying a projection to ’H(‘f’) to forbid more than
one particle from occupying each site. Let {e;} ,V=1 be the usual orthonormal basis for Hy .

We then define the hard core projection P"° on Hﬁ;” by

" 0 if iy =iy for some k # k/,
Pre, ®e, ® - ®e€,) = _ 2.5)
e, e, ---®e;, otherwise.

We shall call Hhc = PhCH(") the unsymmetrised hard-core n-particle space and

HCy P“CH(”) the symmetric hard-core n-particle space. Note that as [Uy,, P"°] =0
forall w € S, ’P,',‘C commutes with the symmetrisation and so H,°, , = ol HI°, .
The hard-core n-particle Hamiltonian is then

HPS, := P H\" Py (2.6)

acting on the hard-core n-particle space H . Therefore the Hamiltonian for the infinite-
range Bose-Hubbard model with hard-core 1s (2.6) acting on the symmetric hard-core n-
particle space H,°, , .

We shall now analyse the cycle statistics of this model.

Using (2.4), the canonical partition function for the hard-core boson model may be writ-
ten as

_ —pH™, 7 _ 0o —BHM, _ 1 —pH"™
Zg(n, V)= traceHQ?V# [e vV] = traceH:?V [0+e vV] = Z trace, e [Une -V].

" nes,

Following [5], we define a probability measure on the permutation group S, by

1 .
Pl () = —trace e [Ure Y], 2.7

1
Zgm,V)n
From the random walk formulation (see for example [18]) one can see that the kernel of
—BH"

e PMV s positive and therefore the righthand side of (2.7) is positive.
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Each permutation € S, can be decomposed uniquely into a number of cyclic permuta-
tions of lengths ¢1,¢2,...,¢q- withr <mand q; +¢g, +---+¢q, =n.Forq € {1,2,...,n},
let N, () be the random variable corresponding to the number of cycles of length g in 7.
Then the expectation of the number of g-cycles in the canonical ensemble is:

Ey(Ng) =Y rPy(N,=r)

r=1

and the average density of particles in g-cycles for the system of n bosons is

" g Ey (Ny)
c(q) = ———. (2.8)
\%4
This brings us then to the following definition.
Definition 1 The expected density of particles on cycles of infinite length is given by
long 4. . n
o= fim im D @ @9
n/V=p qg=0+I

For the free Bose gas, the mean field and the perturbed mean field Bose gas, it has been
shown that p};"g = pg, the condensate density. For our model, the situation is different.

Below we state the main result of this paper:

Theorem 2.3 The expected density of particles on cycles of infinite length, p}fng , at inverse
temperature B as a function of the particle density p € [0, 1], is given by

long {0 if p € [0, pg1 U1 — pg, 1],
Pg =

p — ppeP PP if p e [pg, 1 — pgl.

We note that (see Fig. 2):

long

° pp = 0 if and only if pg =0.

o pg’"g is not symmetric with respect to o = 1/2. As mentioned above the symmetry of the
model about p = 1/2 is due to the particle-hole symmetry. But the equivalent labelling
of states by sets of occupied or unoccupied sites (particles and holes) cannot be used
for distinguishable particles. We shall see (Proposition 3.1) that the g-cycle occupation
density cf,(q) involves ¢ distinguishable particles and n — g bosons and therefore the
particle-hole symmetry is broken.

e When ,o/’; >0, p};’ng starts below p[’;‘ since its slope at pg is equal to 1 — 2pg while pg has

slope 1 — Bpg and B > 2. Conversely, p},""g finishes above pj since its slope at 1 — pg is
less than that of pg.

3 Proof of the Main Result

In this section we shall prove Theorem 2.3. First we note that if n/V = p, then

PIAOET (3.1)
g=1
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Fig. 2 pg and p‘lgong for g >2 A long

P \

00"\ 02 04 0.6 08 7 10 P
pB 1- pﬁ

so that if we define

p;ho" lim lim Zc"', @)

Q—o0 n,V—o00

n/V=p g=1
we have
p};ng =p— p/sghort
For pSh"“ we can interchange the sum over ¢ and limsv—c,

n/V=p

Sh"“ = lim E hm b (q),
Q—00 — 00
q= 1 n/V:p

making it much easier to calculate. In fact we shall prove that:

ot _ 2 if p € [0, pg] U1 — pp, 11, (32)
’ ppe? P78 if p e [pg, 1 — pgl.

The proof is in four steps. The first step is to obtain a convenient expression for ¢y, (g),
the mean density of particles belonging to a cycle of length g. We shall denote the unitary
representation of a g-cycle by Uy : Hﬁ;’) — Hi;’), that is

U1 @ @) =028 ¢y @ 1.

When there is no ambiguity we shall use the same notation U, for U, ® 1"~ : H(‘;’) — Hif)
where / is the identity operator. Note that [U,,, P,TC] =0and [U;,0}]=0

Proposition 3.1

n 1 — HhC
cy(q) = mvtraceHhcqv[U‘]e B n,v]

where H;?n,v = ’P,:‘C(Hij’) H(" q))
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Note that though we write this proposition for our special case, in fact c},(g) can be
expressed in this form for any Boson model with a symmetric Hamiltonian.
hc

By using cycle statistics, we split our symmetric hard-core Hilbert space H,°, . into a

tensor product of two spaces, an unsymmetrised g-particle space Hiﬁ” and a symmetric n —q

particle space Hﬁ}’;‘”, with the hard-core projection applied. Writing

AD — A@D ® D and A®D .— @ ® A=)

c
R

for any operator A on Hy, we can express our Hamiltonian (2.6) on H2 v as follows:
(q) (n—q)
H)S, =Py(n— P, — Py ")Pye.

Let IS‘(,[I) =phe P‘(,q)P;‘C and define the following reduced Hamiltonian

ﬁ;cn.v = P:C(n . P‘(/n—q))P’r;c, (3.3)
so that
h r7h @)
Hn,CV = Hq,Cn,V - PVq .

The next step is to estimate the effect of neglecting the action of the ﬁ‘(,q) term (equivalent
to the hopping of the g particles) in the unsymmetrised space. Let

g = ;ltrace n [U e’ﬂﬁ;.cn.v] (3.4)
v Zs, V)V gl ; .
and define
_ ,‘BHhcn
Zg(h,n, V)= traceH:’cV+ [e o _v]
where

H =P —AP") P, (3.5)
Then we have the following estimate.

Proposition 3.2

(1—e 1) Zg(52 n—q,V —q)
% Zs(n, V)

lev(q) =€y ()] <

In the third step we obtain the limit of the ratio on the righthand side of the last inequality:

Proposition 3.3
Zp(Xdn—q,V — pf ePt if p €[0, pglU[1 — pg, 1],
lim p(— q q) _ 8 B 3.6)
»;/‘/‘7:3)0 Zg(n,V) pg efal+r—rp) if p (g, 1 — pgl.

The final step is a simple proposition where we check the following:
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Proposition 3.4 ¢7,(¢) =0ifg > 1 and

- P if p [0, pgl U[1 — pg, 1],
lim &7 (1) = . ’ ’ (3.7)
i ppePP=re)if p e [pg, 1 — pgl.

Using these four results the main result, Theorem 2.3 follows very easily. From Proposi-
tions 3.2 and 3.3 we have

lim c%(g)= lim ¢%(q).
n,V—o0 n,V—o0
n/V=p n/V=p

Since by Proposition 3.4, F'{, (q) =0if g > 1, it follows that

short __

P if p €0, pg] U[1 — pg, 1],
Pp

lim c7 (1) = .
n Vo 0pef =P8 if p € [pg, 1 — pgl

n/V=p

which is the required result.
In the next four subsections we prove the results stated above.

3.1 Proof of Proposition 3.1

We recall the following facts on the permutation group.

e The decomposition into cycles leads to a partition of S, into equivalence classes of per-
mutations with the same cycle structure Cq, where q = [g1, ¢2, ..., g,] is an unordered
r-tuple of natural numbers with ¢, +¢> +--- + ¢, =n.

e Two permutation 77’ and 7" belong to the same class if and only if they are conjugate in
Sy, 1.e. if there exists a 7 € S, such that

' =n"'n'n. (3.8)
o The number of permutations belonging to the class Cg is

n!

_ 3.9
ng'(q1q2---q,) ©9)

with ng! =n;!n,!---n;!--- and n; is the number of cycles of length j in q.

We observe that since our Hamiltonian is symmetric ([H;‘%,, U,1=0,7 €§,) and there-
fore for ', " € Cq, one has by (3.8)

traceHS?V [U,,//e_’SH:vCV] = traceH:?v [Uﬁ_1 Uﬂ/U,,e_’SH:,CV]
= traceH:?v [Uﬂ_lUﬂ/e_ﬁH:,CV Un]
= traceH:?v [Un/e_ﬂH';‘?V]. (3.10)
For g € N, let N, (7r) be the number of cycles of length ¢ in 7.

Let r; denote the number of cycles of length j. Then Zj Jjrj =n and the corresponding
number of permutations this cycle structure is n!/ ]_[j j'ir;! (from (3.9)). Denote (r;) the
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890 G. Boland, J.V. Pulé

class of permutations with such a cycle structure. Then

By (N =r) = Zﬁ(n V)n! Z D trace,e [Une Une ]

(; ) ne(r
rq—r
1 1 n! _garhe
= ) oy tracey e [Use?™v]
Zg(n, V) n! o l_[jzlj ir;! nv
rq=r

where 7 is any permutation with cycle distribution (r;). Suppose that r > 1 and consider a
permutation where the first ¢ indices belong to the same cycle of length ¢. Let 7" denote the
permutation of the remaining n — g indices. We have

Ur = Uq Q Ux

and v’ has cycle structure (r; — §;4). Then

IP"‘I,(N,] =r)
1 1 n—aq)! n! _pHe
= — trace,ne [(Uy ® Uy )e PV ]
| Z i —g) H, q T
Zp(n, V) n! (rj). Y jri=n—q l_[jzl Jiritqrin—q)! v
rq=r—1
1 1

Z trace,ne (U, ® Uﬂ,)e*ﬂ”:,cv]_

' €Sn—q

T Zsn, V) qr(n—q)!

Then the canonical expectation of the number of g-cycles is found to be

E} (N, = ZrIP"",(Nq =r)

1 1 he
= trace, ne [(Uy ® U. /)e_ﬁHwV]
_)! Z H,, q T
Zg(n, V) q(n—q)! Sy v
1
= trace_ 7D (U, ® Uy e P! V’Phc
Zp(n, V)q(n—q)u > H” n (Ug ® Un) ]
' eSy— —q
1 1 h hc
= —— e c J—Dye—BH,y phe
Zon, Vyq o reny? [Pr@y® e Pl
1 1

= —— —trace

c n— U I(n @ V
Zot V) o [ ® 17 Y]

Since
q Ey(Ny)

cy(q) = v

we have proved Proposition 3.1.
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3.2 Proof of Proposition 3.2

To prove Proposition 3.2 we have to obtain an upper bound for

75Hhcv _ _ﬁﬁhc v
‘traceHZ?nyv[qu g racespe [Uge "anv]

In order to do this we first shall introduce some notation and make some remarks before
proceeding.
Let A(‘;:q) be the family of sets of n — ¢ distinct points of Ay.Fork = {ki, k>, ..., k,—4} €

AV let
k) =0 (e, @€, @ ey, ).

Then {|k) |k € Aif:’)} is an orthonormal basis for s ), = P;‘iq’l-{g’:’).
Similarly let A(‘f) be the set of ordered g-tuples of distinct indices of Ay and for i =

(1,02, ... ig) € AP Tet
i) =e, ®e,® Q€.

Then {|i) |i e Aﬁ;’)} is an orthonormal basis for HZ?V = P;‘CHij’).

IfkeAy,” andie Al we shall write k ~ i if {ki, ka, ..., ko—g} O (i1, 02, ..., 05} =@
and we shall use the notation

li; k) := [i) ® |k).

Then a basis for H:Tn,v may be formed by taking the tensor product of the bases of

he
H(n—q), V.+

neously. Thus the set {[i; k) |k € A(\fj), ie Aiﬁ’), k ~ i} is an orthonormal basis for H

We shall need also the following facts. For simplicity we shall write H and P for ﬁqh,cn’v

and H‘;fv where we disallow particles from appearing in both spaces simulta-

hc
q.nV:

and ﬁéq) respectively, as defined in (3.3).

Let Pi("f’” be the projection of H?,ff o).+ onto a space with none of the n — g particles at
the points iy, 72, ..., i, (so there are V — g available sites for n — g particles) and not more

than one particle at any site. Then

Remark 3.1 Fori~K,if s >0
e P lis k) = [i; e P K)e P (3.11)
where H' =P ((n — q) — P )P 9.
This can be seen as follows: For i ~ Kk,
HIis k) =P (n — P )Pl k)

= qPli:k) + P°li (0 — q) — Py ")K)

=qli; k) + [i; P" " ((n — q) — PV )k)

=qli; k) + |i; H'K).

@ Springer



892 G. Boland, J.V. Pulé

Remark 3.2 Fori~K,
) 1 < —~
Hik) = (n — ) Ik) —VZ D Mkikekiikie))  (B12)
=1 j¢iUk\{k}

where the hat symbol implies the term is removed from the sequence, while from (3.5), for
keH"? wehave

V—q.+
n—q V—q
H_,y_,IK) = (n = q)[k) —V—Z 3o dkkae e Ko k). (Bu13)
¢k\;k1}

Thus H' is unitarily equivalent to Hiy_ —g)/Vun—g.V—q a0d
trace, e | [P PePEPI=D] = Z4((V — )/ V.n —q. V — q). (3.14)
Remark 3.3 Fors,a € R
(Pim—q) e—sﬁipi(n—m)“ = P Desellip-a)
We expand
traces e [qu’ﬁH:,cV] = trace,pe | [qu’ﬂ(ﬁ”g)]

in a Dyson series in powers of P.If m > 1, the m™ term is

1 S1 Sm—1
X = 5'"/ ds1/ ds, - / dsmtraceHzcn v
0 0 0 "

% [e—ﬁﬁa—sl)ﬁe—ﬂﬁ(sl =) B ... PePHGu-1-5m) po—PHsm u,].
Recall that P := PP\ P" where
PP=Py@I® - @I+I@Py®IQ@ @I+ +I®--@I®P, (315

has ¢ terms, so in the above trace we have m instances of this form. Let P7=1® -®

Py ®---®1,andlet P, =P ppe,

7! place
Then we can write

1 S1 Sm—1 g q

xm:,gm/ dsl/ dsz~--f dsy 33
0 0 0

ri=1 rm=1

—BH(-s)) B —BH (51— > >3 _ﬁ‘m—_'m > _ﬁ'm
xtraceHZ?n.v[e BH( ”)Pr]e BH () SZ)P,Z«uPr"He BH (Sm—1 =5 )Prme BHs Uq].

In terms of the basis of HhC v we may write the expression for X,, as

S1 Sm—1 9 q
xm:ﬁm/ldsl/ dSz”-/ i Y Y Y%
0 0 0

ri=I1 rm=1 KO .. km i0~kO im~km

@ Springer



Long Cycles in the Infinite-Range-Hopping Bose-Hubbard Model 893

x (i K PAU=D B il k) i K e PHC2 B 1) -

X"'(m 1. km 1| 7/3H(vm 1— rm)P i km>< kml *ﬁHYmU |l k0> (316)

where it is understood that the i summations are over AE;’) and the k summations are over
A% Note that for i ~ k

S 1 . ~ ,
Prll;k>=v E [T S SRS M H 9 (3.17)
1=1...V
1¢K; [0y 0y g

where again the hat symbol implies that the term is removed from the sequence.
Consider one of the inner products in the expression (3.16) for X,,, using (3.11) and
(3.17) above. For i~k and j ~ k'

~ —Bgs )
ok la—BSH B iy — & . - . I
(i ke P K) = — D WGl ) ke P
I=1..V__
1K 1 s dr s dq
*ﬁq&'
¢ S !’
= % Z Siljl "’Sirjr Sirl . lqjq (Kle™ BsH! K').

I=1..V __
[ NEY B R M »

In summing over [ we replace [ by i, and the result is non-zero only if i, ¢ K’ and
I P 7,., ..., Jq- However this last condition is not necessary because if i, = j; (s #r)
then j; # i, and we get zero. Also if for some s # r, i; € K’ then once again j; # i;.
We can therefore replace the condition i, ¢ k' by i ~ k’. Using Z for the indicator func-
tion, we have

e Bas

(i;k|e PP j; k) = Kle #*H' k) T

—y OG- Bigy

e fe — (1=0) o= s Hi p(1=0) 1
= By 8 8, (K[ P K.

Now if we sum over j ~ K’, with i ~ k and for a fixed r:

ﬂc
D Kle B K (i K| = = (KR Ve R
K

. . .. C N1
X E ((lls~~~7lr717]ralr+la~~slq)’k|~
Jr=1..V
Jr gk Ui\{ir }

It is convenient to define the operation [r, x](i) which inserts the value of x in the r®
position of i instead of i,. So for example taking the ordered triplet i = (5,4, 1), then
[2,8]() = (5,8, 1). For brevity we shall denote the composition of these operators as
[ri, X5 . s r2, X2, k1, X1] :=[rg, ¢l o -+ - o [ra, x2] o [, x1].

Thus the final term in the above expression may be rewritten as ([r, j,]1(i); K'|.
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894 G. Boland, J.V. Pulé

Performing two summations for fixed r; and r, we get:

Z Z (io, kole ﬁYHP 1. k])( k |e ﬂtHP '2 k2)< k2|
il ~k! i2~K2
e_ﬁ‘I(S‘H) B 0
= > > (K[ Pp e M Pplk')

i} gk VOGP ) i2, @kUlr, i 1A\ )

ry.if; 16%)

1 —ptH 2 1. 21030y 12
X <k |P[rl~irll](i0) e pt P[rlvirll](io)“( ><[r1,lrl,r2,lr2](l ),k |

—Bq(s+t) 0
c i
0 —BsH 1
= vz E (K| Po e P Pp k')
ity #OVER ) i, @UDrL i TAON () )
[ry 1, ](1 )
1 tH 1 2 2
x (K1 Pyit a0y © - Plrv.i 160 IK2) (L2, i7,5 r1 1y, 10 K2

due to the fact that Plrl,i.ll ](i0)|k‘) =0if ir'l € k'. We may apply this to all inner product
terms of (3.16) except the final one. Note we sum over the V sites of the lattice, with certain

points excluded in each case.
For the final inner product of (3.16) we obtain:

m. 2, -1 7730y —BsmH 7 130. 1,0
([rmo i irif ey, i) 100 K e P H U i KO)

rm i, ;...;rz,irzz:rl,irl] 1G0)

—Bgs, em ., . -2, <1 7030, | o BsmH 0. 1,0

=e PO (1, il syl ry, ) 1G0); KT e U, li% k%
m 2 1
il ssri2 srpit 100)

—Bgs, m—BsmH m n n 0 .m . ) 21 7,20 -0

= POm (K" e P KO) ([ it s s ran i i) 1A U E0)
[rm i :...:r2.i2 :rl.il 169

_ o Basm m —BsmH rm "2 1
=e KT Py, ik 160)€ ity 2y iy 160 (K

. 2. 19,0 )
<[rma Vm "'7r251r27r15lr1](1 )|Uql )'

Applying this to the whole tracial expression of (3.16) we obtain

DD VD VI )

1 ml

KO Km0l ONGD Va2 ¢lr i TAONGL Y il @y iy i 1O

~0
x (KO|Pype PU—sH" Dy k1)

gl lr )
1 B(si—s2)H 1 2
X KNPy it jane 7 Prry.ify 100 (K7

~[rp,i2 i) 160)
—B(s2—s3)H 2 1
x (k? P,z iRk 160 € [r2.i3y 10}, J(l°)|k )

il i ey i) 100)
m —BsmH m 2 1 0
< (K" [P e Uit v,y i 160) KD

[ iy 5 ir2nidy it 1G0)

.2 .1 . .
XAl i s i) G0 U )
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=ef‘3"%z Z Z Z

038 @ONGD Y iZ glr i JAON) il i iy i 1A

X([rmvi,r«:ln;" r27l T, rl](l)lU )

~0 =ik @0
o= BU—spH" —B(s1—s)H"1 .
X tracey ne v Poe PP, 10)e Pir]l @)

—Bsm il [rm l,m .31, 1,22 r, lr]](l )
moirid ik 169€ [rmsiglh 3ir,idy irn,id 1G0)
o 2 s 1 r mslppy seesh2s rp: l»rl

From the Holder inequality (see Manjegani [10]), for finite dimensional non-negative matri-
ces Ay, Ay, ..., Aut1 we have the inequality

m+1 1
|trace AjA;y . Api) | < trace|A Ay Am+1| < 1_[ (traceA,f")ﬁ
k=1

m+l 1 .
where ) /) ;_1 pi > 0.
Set p; = —vl , 2= ey Pm = T— P+l = # Taking the modulus of the

Sm—1"5m

YI_YZ
above trace
0 Iy} 100
_ 1 o — | —
trace Poe B A=sDp p | e FH Gr=s)p
H?;_q)vvy_*_[ i0 i0 [rl,zr'lmo) [ry.id, 160

m .
: - " % om)
X P m i serasidy iy id 169 P[rm,i;':n;..,,rQ i, 1,11(10)}

=0 1-s] ~ry.it 160 1-52
< trace P. e_ﬁHl P. :| trace, [P —BH 1 P :|
= H‘(];_q)‘vﬂ_[ i0 i0 Hhe v i} 109° lry.if; 169)
ooy |:’P B o ﬁ[rm,i%'n;...,'z 1%2 e lrlJ(IO) N B ]sm
H(’S DVt [rmj::ln 5, 1,2 1, lr] 1GY) [rmi::ln iy, 1,2 . lr] 1GY)
. . . . .O ‘1 .0 . . . .2
Since the trace is independent of the V — ¢ sites {i’, [y, i rl](l Vsooos rms 8005 s r2y 07

i, ](10)} and therefore using Remark 3.3, the product of all the trace terms above is
equal to
—BH!
trace, e o [7’16 7]

withl={V —¢g+1,V —g+2,...,V}and from Remark 3.2,

trace, e [P,e—ﬁﬁ'n] =Zs((V—q)/V.n—q.V —q). (3.18)

(n—q),V
Consider the sum
01 O\ Vid, ¢lryi} 1O\ )

X > ([ it s i 2 i3 70, 8L DGO U ).

. m—1
l;r:,, %[rmfl’l:':",lv 32, lrzvrl lr]](l()\{lrm

(3.19)

@ Springer



896 G. Boland, J.V. Pulé

I {2y ey i} #4002,y then [ i i ray i35 71, 81 1G0)) s of the form

P . .0 .0 . .0 .0 -
LJ0s J2s e oo dngs Byt - s Doys Jma s ooy Jngs Ly 1o oo By s Jngbls oo oo )

where {ny, n,, ...} is a non-empty ordered set of distinct integers between 0 and ¢. This state
is clearly orthogonal to U, i’ for any g. Note that this situation does not arise if ¢ = 1. Note
also that this is always the case if m < q.

We may bound the remaining sum corresponding to terms for which {r;,r,,...,r,} =

{1,2,...,q} by

|4 14 |4
0
S>3 (rmo it s srnin sy, i G0 UE0).
il =1 i,22:1 i =
where [ry,, i} ira, il 1,]]

has dlSlm(.( mdlce>

Observe that in this case |[r,,, i/ :...; r2, i,22; ri,i ,‘1 1(i%)) is independent of i so we may take
it to be
2
|[rmv rm . r27lr2 ry, r|](s ))

where s = (1,2, 3, ..., q) Then we can interchange the i’ summation with the others, and
for each choice of i i;" there exists only one possible i’e A(‘j’) such that

ry’ r2""’ r;

([rms s irit sy, i) 1G9 | UGR%) #0.

rm
So we may conclude that
0 il O\ ViZ, ¢l il 1EO\GEL)

.m ., . 22, .1 <0 -0 m
X oo Z (rmsins sy s i JAD|ULET) < V™
ify @i s iy i 1OV

(3.20)

Applying this, we see that the modulus of the integrated m™ term of the Dyson series may
bounded above by

B ~ oy
Xl < Mol Zy((V =)/ Von =g,V =) 3 o )
: ri=1 rm=1
x2. 2 >
0] O\ yid ¢lr il 1A\ )
X > <[rm,i,";;...;rz,ifz;rl,i,‘l](i°>|qu°>
i i iy i TGO (!
se M Zy(V =)/ Vin—q,V = q)Z ZV’”
ri=1 rm=1
_ mﬁ”’
= mZs((V=a)/V.n=q.V —q).
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Long Cycles in the Infinite-Range-Hopping Bose-Hubbard Model 897

Noting that the zeroth term of the Dyson series is
- ~pH
Xo= traceHg?”vV [qu ],
we may re-sum the series to obtain

Hhe 7

traceHZ?mv [qu_’8 ”vV] — traceHZ?n.v [qu_ﬁH]

Se_ﬁ"Zﬁ((V—q)/V,n—q,V—q) Zq IB .

m=1

Thus

o PH —pii
traceHzfn‘V[Uq V]—traceHhc [qu BH

ey () =y ()| = v Zs(n, V)

_e M Zy(V =)/ V.in—q.V —q) ~q"B"

-V Zg(n,V) —~ m!
e 2V =/ Vin—q,V—q)
v Zs(n, V) '
3.3 Proof of Proposition 3.3
Recall that we have
—BH , _
Zgn—q,V — q)—traceHELqV {+[e a.Y=q]
—B(n—q) »Ph(. n— flphc,
=e 9 trace, he [e n=qPv—q ] (3.21)
n q.V—q.,+

while

Zs((V =)/ Vin—q.V —q) =trace,pe [ P -avacgvog)
n—q,

—q.V—q.,+
— a—B—) _ PETHPI PGPS
=e traceHSiq,v-q.+[ 4 ] (3.22)
Comparison of (3.21) and (3.22) yields
Zs(V =)/ Vin=q.V =) =e P10 72,y (n—q.V —q)
and thus we have to analyse the following ratio:
DL,y =g,V — )
Zg(n,V)

(3.23)

Penrose in [13] gave an explicit expression for Zg(n, V):

min(n,V —n)

Zyn. V)= Y zrn.V.p),

r=0
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898 G. Boland, J.V. Pulé

where

2(rn, V,p) = <%:++11> <‘r/> exp{—é[Vr—rz—i—r—i-nz—n]}.

He also proved that if &y : [0, min(p, 1 — p)] — R converges uniformly in [0, min(p, 1 — p)]
as V — oo to a continuous function 4 : [0, min(p, 1 — p)] — R, then

h(p), if p € [0, pgl,

m(%) 2, V. B ={h(pp).  ifpelpp1—ppl.

h(l1—p), ifpell—pg, 1]
(3.24)

min(n,V —n)

’ r=0

We wish to express the ratio in (3.23) in the form of the lefthand side of (3.24). We have

min(n—q,V —n)
V—g—-2r+1\ [V —q
deaomav=o= 3 (=mT) ()
r=0

—é[r<V—q>—r2+r+<n—q>2—<n—q)]}.

xexp{

For the case p > %, for large V, n — g > V — n we must sum from zero to V — n and a

straightforward calculation then gives

V—n

efﬁ%(n*q)zﬂ(g)(n—q,V—q):Zhv(%) z(r,n,V,B)
r=0
where
I )_(1—2x—(q—1)/V>( 1—x+1/V )
VOEN T T S v I—x—(q—1/V
gq—1
1—x—-5/V
XH(%)exp{ﬂq[x—f—p—l/V]}. (3.25)
s=0
Therefore
h(X)=Vlim hy (x) = (1 — x)? ePt0), (3.26)

It is clear that the convergence is uniform since Ay (x) is a product of terms each of which
converges uniformly on [0, 1 — p] for p > % Thus

B (n— .
. e BV q)Zﬂ(¥)(n—q,V—q) B (1 — pp)? e1B(pp+p) if pe(1/2,1— pgl,
nV—00 Zg(n, V) -

n/V=p

pleh if pe(1—pg,1].

Note that using the relation
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Long Cycles in the Infinite-Range-Hopping Bose-Hubbard Model 899

we get

(1- ,0,3)‘1 edBlop+p) — pz eaBU+p—pp)

and therefore we have proved Proposition 3.3 for p > % For the case p < % we have that

n —q <V — n, the sum for e_ﬁ%("_")Zﬁ(v__q)(n —q,V —q) isup ton — g, and therefore
14

we need to shift the index by ¢ to get it into the required form. After shifting we get

P -
e PV ‘“Zﬁ(¥)(n—q,V—CJ)=ZZ(7’”’V”3)<

V+q—2r+1)
r=q

V-2r+1

o re—=D@r—-2)---(r—q+1)
ViV-1)(V-=2)---(V—-g+1)

Xexp{ﬂvq[V-i-n—r]}.

Note that summand is zero if we put » =0, ..., g — 1. Thus we may sum from zero to n to
get as before

,ﬂv(n 907 Vq)(n q,V — q)—Zh (v)z(rn V,B)

r=0

where this time

1

1-2 D/VNTy(*—
hv(x):( lf;(j’r;&/ )]_[(x 57V )exp{ﬂq[1+p—x]} (3.27)

§=

so that

h(o) = Tim Ay (x) =27 exp(Bg(1 + p — 1)),

n/V=p

Convergence is again uniform on [0, p] for p < % and therefore

B (n— .
- e Fve ‘J)Zﬂ(%)(n—q,v—q) | pte if p €10, pp),
T Zp(n, V) pj e?PU+e=rs) if p € [pg, 1/2),

proving Proposition 3.3 for p < % The case p = % is more delicate because the first term in

(3.27) does not converge uniformly. We can write (taking V = 2n)

q

mh% (r/2n)

R (r/2n) = o, (r/2n) +

where

g—1
T = [ (520 )exp pal3/2 - 1)

s=0

Clearly ﬁzn (x) converges uniformly on [0, 1/2] and therefore
1 "~ r
lim —— hon [ — n,2n, — 09 eP16/2=rp)
wr%o Zp (1, 21) Z <2n> eArom. 2n. ) =0y
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900 G. Boland, J.V. Pulé

‘We thus have to show that

1 n z” r
lim S5 o) =

n—o0 Zg(n,2n) g 2m—r)+1
Since ﬁz,L (x) is bounded, by C say,
1 Pon (= C
lim ——— Y Mz(rn 2n,8) < lim = =0.
n—o0 Zg(n, 2n) 2(n—r)+1 —o0 2n1/4

r<n—n] 4

1/2 1/4

On the other hand one can prove that forn —2n'? <r <n—n'?andr' >n —n
, 1
Inz(r,n,2n,B) —Inz(r',n,2n, B) > 3 Inn

for n large, so that z(r', n,2n, B)/z(r,n,2n, B) < 1. Therefore

1 %Zn(zL)
li S ,n,2n,
% Zy(n, 2n) r>§1/4 2 —n) 11 P

5 ]]m C Zrzn—nl/4 Z(l’,n,ZI’l, ﬁ)
=00 Zn—znl/zgrgn_nl/z Z(I", n, 2”3 ﬁ)
C max,,_,1/4 2(r,n, 2n, B)

< Nim - im
n—co pl/4 min, 12, cp_pi2 2(r,n,2n, B) ~ n—oonl/

3.4 Proof of Proposition 3.4

Recall that

~ ﬂHhcn
Cv(q) ﬁ Vtracean. [qu q V]

Considering the trace over H"® ,, expanding it in terms of its basis {|i; k)} and using Re-

mark 3.1 above, where i ~ k

q,n,V>

he(,_ p(n—@)\phe
traceHZ?n.V[ qnv ZZ, K|U, e PPr0=Py P i k)
k i~k
=e P3N, kle P i k)
k i~k
= e MDD ) (e k).
k i~k

For ¢ > 1, an element of the basis of the unsymmetrised g-space Hﬁf) may be written as an
ordered g-tuple i = (i, i, ..., i;) where the i;’s are all distinct. Then we may write

(Ugili) = (U, (e, ® €, ®---Re, )|e; e, Q- -®e,)
=<ei2®ei3®'“®eiq®eil |ei1 ®ei2®"'®eit/>=0'
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Long Cycles in the Infinite-Range-Hopping Bose-Hubbard Model 901

Hence ¢, (¢) is non-zero only if g = 1.
For the second statement, note that we may re-express ¢, (1) as follows:

~ 1 1 Hhc
— B 1n,
cy()= S V) tracepﬁc(ﬁ(vl)@H“,”;”) [e v]

Z,g(l’l V)VZZk' ﬁH

i=1 k/>i

BH'
Z,g(n NV Ztracean v [P P;]

ot Zg(XHA n—1,V —1)
Zﬁ(l’l, V)

and the result follows from Proposition 3.3.

4 ODLRO

The one-body reduced density matrix for x, x’ € Ay may be defined as

1

D n s ! = * 1) = - —
ponv (X, X7) i=(aza,) Zy V)

(n) —ﬁH
trace7_tz1fvl+ [Kx v ] 4.1)
where for ¢ € Hy, K, v ¢ = (ev|d)e,
Penrose showed that for x # x’,
,,1VIT Dg v (x,x') = pg,
n/V=p
that is, whenever Bose-Einstein condensation occurs, there is Off-diagonal long-range order
as defined by Yang [21]. It has been argued and proved in some cases (see for example [19]
and [5]) that in the expansion of Dg, v (x,x’) in terms of permutation cycles, only infinite

cycles contribute to long-range order. Here we are able to show this explicitly.
By the proposition in the Appendix, we have

Dy (x,x) = Ciig; Kex)
g=1

where

1 _ hc
Cy(q: Kew) = Zotn V) e, [(Kw ®I®I®-- @ DU MVv]. (42

Note that this is equivalent to the expansion of ¢, (x) in (2.14) and (2.16) in [19].
Applying the argument in Sects. 3.2 and 3.3, we can show that

lim Cy(q; Ky v) = hm C” (q; Kx.x') 4.3)
nn/‘/??)c n/V ,o

@ Springer



902 G. Boland, J.V. Pulé

where we take

~ 1 fyhe
no. —BH,",
Cy(qg: K, x)= Zy V) traceHZ?nyv [(KH/ RIRIQ - ®U,e "a ,v].

The only difference is that instead of (3.19), we obtain
10 3L @O\GD ViZ ¢lrn i JAONEL ) il g i 1A
X Ly it s s ray i, L A (K @ T ® -+ @ DU (4.4)

whose treatment is similar but slightly more complicated, as detailed below.
Let ¢ > 1 and consider the case {ry, 72, ..., rm} #{1,2,...,q}. When 1 ¢ {r;,r>, ..., 1y}
we obtain inner products of the form:

.0 Oy s . . .0 .0 .0 .0
<l]|KX,x/l2)<]27.]3’---a]q|l37l4s-~-7lqall>

where ji 75 i for all k by the hard-core condition, implying the second term is zero

as j, ;é i;. On the other hand, when 1 € {ry,r,,...,r,}, then there exists at least one
[ ¢{ri,r, ..., 1y}, yielding an inner product of the form
. 0y . . PR .0 0 .0 .0
<]1|Kx,x’lz)(]27~~~s]l—1;llv]1+lv~-«;]q|l3vl4;~-vlq,ll)

which also results in the second term being zero as (i;|i;+;) = 0. Note that the above cases
do not occur for g = 1.

For the case {ry,r2,...,rm} ={1,...,q}, as before, the remaining sum may be bounded
by a similar expression whose summations have slightly relaxed restrictions. Also the left
hand side of the inner product is independent of i%, so again denoting s=(1,2,3,..., q),
we have

v oV 1%
E E E E mo, . 22, -1 0 -0y 0 .0 .0
=< ([rm5l:;»~'~ar25lr25r17lrl](s )|(Kx,x’l2)’l37"'5lq7l1) (44)
il =1 i3 =1 =10
where [y, i} 5 ...5 72, 2,0l 16 0)
has dlstmcl mdlces
and as there is only one possible value for each 110, 12, 12, e, i;’ giving a non-zero summand,

we can bound above by

Vv Vv \%4 Vv
SPIPIEDIPILALEL VS S K] = v

m i9—1

=

i =1i3=1 iy = z,k:l 9=1

where k € [1, m] is the smallest number such that r, = 1, and for any x, x" € Ay. Thus the
entire sum (4.4) is bounded above by V™~!. Therefore one can conclude the argument of
Sect. 3.3, proving (4.3).

Moreover, following the reasoning in Sect. 3.4, we can then check that for ¢ > 1 and
x#x, 6$(q; K, ) =0, since for g =1, (e;|K, ;) =0, and for g > 1

(Kiw @I ®---@ DU, ili) = (K, e, ®e; @ Qe, Qe |e; Qe, ® - Qe ,)=0
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as the i;’s are all distinct. So we have that

lim Cy, (‘1 Kxx’)—

n,V—oo
n/V=p
and that
o0
lim lim Cy(g; Keyx) = hm Dg v (x, x)_
Q—00 n,V—>00
n/V=p q=0+1 n/V—p

Appendix: Expectation of Operator in Terms of Cycle Lengths

Proposition A.1 Given an operator A on Hy, the expectation of A may be expressed in
terms of cycle lengths

(A™) ZC” (q: A) (A.1)

where

1 _ hc
Ci(g; A) = m traceHrq]?n.V[(A QI®---®Ue ﬂHn,v]. (A.2)

Note that ¢}, (q) = Cy,(g; 1)/ V where ¢}, (q) is as defined in Proposition 3.1.

Proof

1

1 hc
APy = ——  trace,ne  [APWe Py = ——— —
( ) HZ«Vv+[ ] Zg(n,V) n!

My o BH
Zs(n, V) ZtraceHm [ADU e V]

TeSy

using the facts that [U,, H,) he 1=0, [Us, P;C] = 0 and by the cyclicity of the trace. Note we
can simplify this expression by the following method:

— - _ hc
traceHg?v [A(")U e P V] _traceHhc [Z([@--'@) A ®---®1Uze ﬁH"vV]

i=1 ith position

_traceHhc [ZU(II)(A®I® ®I)U(1l)U e ”V]

i=1

where Uy, represents the transposition (1), so using cyclicity of the trace again
" hc
= traceHHCV [Z(A RQNIR--® I)U(li)Une‘ﬂHn»V U(m]
C Lz
= traceHE?V [Z(A RIR---® I)U(li)UnU(lj)e_ﬁth?V]

i=1

=ntraceHhc [(A®I® - ® U e "V]
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904 G. Boland, J.V. Pulé

where 7' = (1) 7w (i 1) using (3.10). Thus

1 1 hc
AP) = ——— 3" trace, [A 1®---® U *ﬂ”nM]. A3
4™ Zg(n, V) (n—=1)! racese, [(A@T®: - ® HUre (A3)
Given distinct indices i, ..., iy, let

Sz, i) = {7 € S, 7 (i) =imi1, 1 Sm < q with iy =7(,) =1].
Then for any 7 € S} (is, i3, . .. iq), there exists a '’ € S,_, so that one can write
traceHth [(A RIR---® I)Une_ﬁH:I = traceHhcv [(A RIR R I)(Uq ® Un/)e_ﬂHiI.

The set Sy (i2, i, . . . i;) form a partition of the set of permutations where 1 belongs to a cycle

of length g. There are EZ:;;', such sets. Then

1 1 .
mwy - - 7ﬂHn,
W=z (n—l)!,,ztraceﬁﬂ?v[(’*@’@ ® Uz "

€Sy

_ 1 1 Z (n— 1!
© Zs(m, V) (n—1)! S n—q)
X Z trace, e [(A RI® - @NU, ® Uﬂ,)e—ﬁH:,cv]
' €Sn—q '

n

1 1 hc
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1

n
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h . ph (@) (n—q)
and recall that Hq?ni,v =PrEHy @Hy ). O
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